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Abstract. We give a definition of compactness in i-fuzzy topological 
spaces and provide a characterization of compact L-fuzzy topological 
spaces, where L is a complete quasi-monoidal lattice with some addi- 
tional structures, and we present a version of Tychonoff 's theorem within 
the category of L-fuzzy topological spaces. 



0. Introduction 

Over the years, a number of descriptions of compactness of fuzzy topo- 
logical spaces has appeared. As mathematicians sought to general topology 
in various ways using the concept of fuzzy subsets of an ordinary set, it is 
not surprising that searches for such properties were obtained with differ- 
ent degrees of success, depending on the structure of the underlying lattice 
L. One of the main goals of any theory of compactness is to investigate 
the problem to which extent the formulation of a theorem of Tychonoff is 
possible. The aim of this paper is to present a version of Tychonoff 's theo- 
rem within the category of L-fuzzy topological spaces, when the underlying 
lattice L is a cqm-lattice with some additional structures. Following P. T. 
Johnstone ([ID]), within the text of the paper, those propositions, lemmas 
and theorems whose proofs require Zorn's lemma are distinguished by being 
marked with an asterisk. 
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The paper is organized as follows: After some lattice-theoretical prerequi- 
sites, where we briefly recall the concept of a cqm-lattice, in section 2 we 
shall present the concept of compact L-fuzzy topological spaces. Finally, in 
section 3 we present a proof of the Tychonoff 's theorem. 

1. From Lattice Theoretic Foundations 

Let (L, <) be a complete, infinitely distributive lattice, i.e. (L, <) is a 
partially ordered set such that for every subset A C L the join \J A and 
the meet /\ A are defined, moreover (\J A) A a = \/{a A a) \ a £ A} and 
(/\A) V a = /\{a V a) | a G 4} for every a E L. In particular, \J L =: T 
and f\L =: _L are respectively the universal upper and the universal lower 
bounds in L. We assume that _L ^ T, i.e. L has at least two elements. 

1.1. cqm— lattices. The definition of complete quasi-monoidal lattices in- 
troduced by E. Rodabaugh in [11] is the following: 

A cqm— lattice (short for complete quasi-monoidal lattice) is a triple 
(I, ^, (g>) provided with the following properties 

(1) (L, ^) is a complete lattice with upper bound T and lower bound 
±. 

(2) ® : L x L :— > L is a binary operation satisfying the following axioms: 

(a) ® is isotone in both arguments, i.e. ot\ ^ c*2, Pi ^ /?2 implies 

«1 ® /?1 < «2 ® fo] 

(b) T is idempotent, i.e. T ® T = T. 

1.2. GL— monoids. A GL— monoid (see [6], [7]j [H]) is a complete lattice 
enriched with a further binary operation ®, i.e. a triple (L, <, ®) such that: 

(1) ® is isotone, i.e. a < (3 implies a ® 7 < j3 ® 7, Va, /3, 7 G L; 

(2) ® is commutative, i.e. a ® /3 = j3 ® a, Va, /3 € i; 
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(3) ® is associative, i.e. a ® (fi <g> 7) = (a ® /3) <g> 7, Va, /3, 7 G L; 

(4) (L, <,<%>) is integral, i.e. T acts as the unity: a (g> T = a, Va € L; 

(5) _L acts as the zero element in (L, <, £g>), i.e. a <g> _L = _L, Va G L; 

(6) <S> is distributive over arbitrary joins, i.e. a (g> (Va P\) = V \( a ® A\)> 
Va G L,V{/3 A :Ae/}cL; 

(7) (X, <, ®) is divisible, i.e. a < /3 implies the existence of 7 € I such 
that a = P ® 7. 

It is well known that every GL— monoid is residuated, i.e. there exists a 
further binary operation "1 — >" (implication) on L satisfying the following 
condition: 

a <g>/3 < 7 <^=> a < {J3 1 — ^7) Va,/3,7GL. 

Explicitly implication is given by 

a P = \J{\ G L I a <g> A < 0}. 

Important examples of GL-monoids are Heyting algebras and Ml/-algebras. 
Namely, a Heyting algebra is GL-monoid of the type (L, <, A, V, A) (i.e. in 
case of a Heyting algebra A = <g>), cf. e.g. |10j . A GL- monoid is called an 
MV -algebra if (a 1 — > _L) 1 — > _L = a Va G L, [3], [5], see also O Lemma 
2.14]. Thus in an M^-algebra an order reversing involution c : L — > L can 
be naturally defined by setting a c := a 1 — > J_ Va G L. 
If X is a set and L is a GL-monoid, then the fuzzy powerset L x in an 
obvious way can be pointwise endowed with a structure of a GL-monoid. 
In particular the L-sets lx and Ox defined by lx{ x ) '■= T and Ox(^) := -L 
Vx G A are respectively the universal upper and lower bounds in L . 

1.3. Co-GL-monoids. A co-GL— monoid is a complete lattice with a fur- 
ther binary operation ©, i.e. a triple (L, ^, ©) such that: 
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(1) ffi is isotone, i.e. a ^ /3 implies a ffi 7 ^ /3 © 7, Va, /3, 7 G i; 

(2) © is commutative, i.e. a © /3 = j3 © a, Va, /3 G X; 

(3) © is associative, i.e. a © (/3 © 7) = (a © /3) © 7, Va, /3, 7 G L; 

(4) (L, <, ffi) is co-integral, i.e. _L acts as the unity: a © _L = a, Va € L; 

(5) T acts as the co-zero element in (L, ^, ffi), i.e. a ffi T = T, Va G L; 

(6) ffi is distributive over arbitrary meets, i.e. affi (/\ A = AA( a ®^A)> 
Va G L,V{/3 A :Ae/}cL; 

(7) (L, ^,ffi) is co-divisible, i.e. a ^ /3 implies the existence of 7 G L 
such that a ffi 7 = f3. 

Every co-GL— monoid is co-residuated, i.e. there exists a further binary op- 
eration "«— (" (co-implication) on L satisfying the following condition: 

a <-< /3 ^ 7 a ^ (/3 ffi 7) Va,/3,7GL. 

Explicitly, coimplication is given by 

a <-. /3 = /\{A G L I a /3 ffi A}. 

If X is a set and L is a co-GL-monoid, then the fuzzy powerset L in an 
obvious way can be pointwise endowed with a structure of a co-GL-monoid. 

Remark 1.1. In this paper we will use the particular case in which ffi = V 
and the co-implication is 

a > p = /\{A G L I a ^ (3 V A}. 

In the sequel (L,^,ffi) denotes an arbitrary GL-monoid and (L,^,V) 
denotes an co-GL-monoid. 

2. Compactness and L-fuzzy Topological Spaces 

In this section we recall some topological concepts (as in [9]) from the 
theory of L-fuzzy topological spaces. 
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Definition 2.1. Given (L, ^,<8>) a cqm-lattice and X a non-empty set; 
an L-fuzzy topology on X is a map r : L x — >• L satisfying the following 
axioms: 

01. r(l x ) = T, 

02. For f,g£L x , r(f) ®r(g) ^ r(f ® g), 

03. For every subset {fx}\ei °f L x the inequality 

f\T(f X )^T(\J f X ) 

xei xei 

holds. 

If t is an L-fuzzy topology on X , the pair (X, r) is an L-fuzzy topological 
space. 

If the set X is non-empty, then L x consists at least of two elements. 
In particular, the universal lower bound in (L x , ^) is given by Ox- When 
we take the empty subset of L x and we apply the axiom o3, we obtain 

ol'. t(0 x ) = T. 

Definition 2.2. Given (X, r) and (Y, r/) L-fuzzy topological spaces, a map 
4> : X — > Y is L-fuzzy continuous iff for all g € L Y , <f> satisfies 

V(d) < r{go<j)). 

In this way, we have the category L-FTop where the objects are the 
L-fuzzy topological spaces and the morphisms are the L-fuzzy continu- 
ous maps. 

On the set %l(X) of all L-fuzzy topologies on X we have a partial ordering: 
ti^t 2 o < 75(/), V/GL 1 

Remark 2.3. On the set L x x L we introduce a partial ordering by 

(f,a)4(g,P) & (f^gandp^a) 
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Lemma 2.4. Let L be a complete lattice such that (L, ^, <8>) is a GL— monoid 
and (L,^,V) is a co-GL— monoid, then (L x x L,^,M), where 

(/, a) M (g, P) := (/ ® 5 , a V /3), V(/, a), ( 5 , /?) G L x x L, 

is a GL— monoid. 

Proof. It is straightforward to check that for {(f\,ax)}xei Q £ X x 

W Aag/(/a> q a) = (AAe//A,VAe/ a A). 

(ii) V\ei(h,<*\) = (Va e / /aj Aa e / ^a) • 

(iii) T = (lx, -L) is the universal upper bound of (L, ^, ®). 

(iv) _L = (Ox, T) is the universal lower bound of (L, ^, ®). 
Consequently, IEI is isotone, commutative and associative; (L, ^,<8>) is inte- 
gral with respect to T and _L acts as the zero element in (L, ^, <g>). 

(v) IS] is distributive over arbitrary joins, i.e. for all (/, a) G L x x L, for 
all {(g j ,/3 j )\jEL}CL x XL, 



(/,a)B 



(/,a)B \/*'A^ 
ye/ je/ 

/® (V*),«v(/\/3, 

ye/ / ye/ 

V(/®*)>A( aV & 

Vie/ je/ 
V [(/,a) B ■ 



(vi) (L x x L, Kl) is divisible, i.e. (/,a) 4 (g,P) <^ f ^ 9 and /3 ^ a 
implies the existence of h £ L x and 7 G L such that f = g (£> h and 
/3V7 = a, in other words (/, a) = (g®h, j) = (g, j3) M (h, 7). □ 
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Remark 2.5. The residuation in (L x x L, =^,KI) is the binary operation 
i — > given by 



which satisfies the following condition 

(f, a) M (g, P) 4 (h, 7 ) o (/, a) ^ [( 5 , /3) .— ► (fc, 7 )] , 

V(/, a), (g,(3), (h,j) G L x x L. It is also straightforward to check that 

. (/, a) M l(g, f3) .— ► (fc, 7 )] ^ [(5, /?) — ► (/, «) B (h, 7 )] . 
• [(5, /?) — ► (/, «)] B l(g, /?) .— ► (h, 7 )] ^ [(<?, /?) .— ► (/, a) M (h, 7 )] , 
whenever <g) to// 6e idempotent. 

Definition 2.6 (L-fuzzy filter). Lei X a sei. ^4 map J 7 : L x xL — > L is 

called an L-fuzzy filter on X if and only if T satisfies the following axioms: 

(FFO) T{l x ,a) = T. 

(FF1) (/, a) ^ (g, (3) ^(/, a) < 7"(SS /?) . 

(FF2) 7X/, a) ® T(g, (3) ^ T(f ® <?, a V 0). 

(FF3) ^(0 x ,a) = ±. 

Let SxfPO be the set of all L-fuzzy filters on X. On SLfPO we introduce 
a partial ordering =3 by 

Ji ^ J- 2 ^ a) < J- 2 (/, a), V(/, a) G L x x L 

*Proposition 2.7. XTie partially ordered set (SxfPO,^) maximal el- 
ements. 
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Proof. Referring to Zorn's lemma, it is sufficient to show that every chain C 
in $lf(X) has an upper bound in $lf(X). For this purpose let us consider 
a non-empty chain C = {T\ | A € /}. We define a map J~ ^ : L x x L — y L 
by 

^oo(/,a) = V F\ (/,<*), 
xei 

and we show that Too is an L- fuzzy filter on X. In fact 
(FFO) Joo(lx,a) = \/ XeI T x (l x ,a) = \/ XeI T = T. 

(FF1) (f,a) 4 (g,P) -Foo(/,«) = V Ae /^A(/,«) < V XeI F\(g,P) = 
(FF2) 

•Foo(/, a) ® /?) = ( \/^a(/,«)) ® ( V 

Vag/ / \Ae-f 

= V [^A(/,a)^J- A ( 5 ,/3)] 
ag/ 

AG/ 

(FF3) 7-oo(0x,a) = V Ae / ^a(0x, a) = Vag/ 1 = 

□ 

Definition 2.8. A maximal element in (3xfPO,^0 ^ s a ^ so called an L- 
fuzzy ultrafilter. 

*Proposition 2.9. For every L-fuzzy filter U : L x x L — >■ L on X the 

following assertions are equivalent 

(i) U is an L-fuzzy ultrafilter. 

(ii) U(f,a) = (U[(f,a) .— ► (0 x ,p)]) — > ±, /or a// (/, a) £ L x x L, 
for all p ^ a in L. 



Proof, (i) (ii) 

Because of (FF2) and (FF3) every L-fuzzy filter satisfies the condition 

(FF3') U(f,a) ^ («[(/,<*) .— ► (0 X ,p)]) — > J-, for all (/, a) E L x x L, 
for all p ^ a in L. 

In order to verify (z) (u) it is sufficient to show that the maximality of U 
implies 

(U [(/, a) .— ► (0 X , p)}) — > 1 ^ U(f, a), V(/, a) e L x x L, Vp < a in L. 

For this purpose, we fix an element (g, (3) € L x x L, for that element we let 
Qp := (W i — >■ (Ox,p)]) 1 — > -L and define a map U : L x x L ^ L by 

a) = a) \/{^ i(9, P) >— ► (/, «)] ®Gp\- 

We must show that U is an L-fuzzy ultrafilter. Firstly U is an L-fuzzy filter: 
obviously U satisfies (FFO). For the axiom (FF1), from the definition 

U(f, a) = U(f, a) \/[u [(g, (3) .— ► (/, a)] ® ^} 

and 

U(h, 7 )=U(h, 7 )\/{u[(g,P) .— ► (/»,7)]®^}. 
Now, for (/, a) =3 (/t, 7) we have that U(f,a) ^ U(h,j), moreover, 

(<7, /?) (/, tt ) = \/{ 5) € L x x L I ( 5 , /3) B (fc, 5) (/, a) } 
^ \/{( k ^) € L x x L I ( 5 , /3) B (*, <5) A (h, 7) } 
= ( 5 ,/3)^(/ i , 7 ), 

which implies that 

U(f, a) = U(f, a) \J{U [(<?, (3) .— ► (/, a)] ® ^} 

< 7) V{^ lis, P) >— ► 7)] ® <?/?} 

= W(/»,7). 
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For the axiom (FF2), we must verify that 

«(/, a) <g> 7) ^U(f®h,aV 7), 

In fact, 

U{f,a)2>U{h,i) 

= (U(f, a) \J{U l(g, 0) .— ► (/, a)] Qp}) 
® {U(h,j)\/{U[(g,P) — > (fc, 7 )] ®^}) 
= a) ® 7) [(^' /5) >— »■ 7)] ® ^} 

V [{W [(<?, (3) .— ► (/, a)] ® Sfc} ® {«(/*, 7) 1(5, P) >— ► fa, 7)] ® ^}} 
= a) (8) 7) V «) ® /3) >— ► fa, 7)] ® ^}] 

V ({« /?) .— ► (/, a)] ® ^} ® 7)) 

V ({W [(5, 18) ■— ► (/, a)] ® ^} ® /3) .— ► fa, 7)] ® 00}) 
= U(f, a) ® Wfa, 7) V [{«(/' «) ® W [fo 0) ■— ► fa' 7)] } ® 0/3] 

V ({^fa, 7) ^ W [(5, /?) >— ► (/, a)] } ® 0/?) 

V ({W [(5, 18) >— ► (/, a)] ® W [fa, P) >— ► fa, 7)] } ® Gp) 

< W(/ ® /», a V 7) V ((/> a ) K # — ► fa' 7)]) ® ^] 
\/(U((h, 1 )®[(g,l3)^(f,a)])®gp) 

\J(U([(g,l3) .— ► (f,a)} M [(g,(3) .— ► fa, 7 )D ® S/?) 

< W(/ <8> h, a V 7) V ^ [fa, /5) .— ► (/, a) Kl (/*, 7)] ® 0/j] 

V [W [(5, /?)— > (/,a)El(/i,7)]® 
\/[W[(i7,/3)«— »-(/,«) 7)]®^] 

= U{f®h,aV 1 )\l [U l(g, P) .— ► (f, a) H (h, 7)] ® Gp\ 
= W(/®/i,aV7). 

In order to verify (FF3), we have that 



U(Ox, a) = U(O x ,a) \/ [u [(g, /?) .— ► (O x ,a)] ®g p } 
= ±v{w[G/, / 8).— ►(O x ,a)]®^} 
= U[(g,P) .— ► {Ox,a)]®gf}. 

On the other hand, using the fact that p ^ a, we conclude that 
p > /3 ^ q > /3 which implies (<?,/?) i — > (Ox, a) (g,P) 1 — > (Ox,p)- 
Therefore, 

W 0) .— ► (Ox, a)) < W (( 5 , /?) >— ► (Ox, p)) , 

i.e. 

^<CW(( 5)J 8)^(0x,p))— 
Now we invoke the residuation property of (L, ^, <g>) to obtain 

W(O x ,a) = {w[(s,/3) >— ► (Ox, «)] ® ^} = ±. 

Now we must show that is an L- fuzzy ultrafilter on X. In fact, since 

«(/, a) = U(f, a) \/[u [(g, /3) .— ► (/, a)] ® ^}, 

clearly a) < a), V(/, a) G L x x L, but £Y is an L-fuzzy ultrafilter 
on X, therefore U = U. In this way 

U{g,P)=U{g,P)\l\u[{g,p)^>{g,P)]®gf}) 
= U{g,P)\l[-Y®G p } 

Therefore, 

^ = (W [(g, /?) .— ► (Ox, p)]) — ► J- < «(</, /?), V( 5 , /3) G L x x L. 
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From the last inequality and (FF3 f ) we obtain (ii). 
(ii) => (t) 

We must verify that if 

U{f,a) = (U[(f,a) i — ► (Ox,p)]) > -L, for all (/, q) € L x xL, for all p < a in L 

then is an L-fuzzy ultrafilter on X. 
Suppose U ^U, then 

((W [(/, a) .— ► (Ox, p)]) — >• ±) ^ ((« [(/, a) .— ► (Ox, p)]) — ► ±) , 
therefore U ^U, consequently £Y is an L-fuzzy ultrafilter on X. □ 

*Proposition 2.10. Let (p : X Y be a map and let T : L x x L L be 

an L-fuzzy filter on X. Then 

(1) The map : L Y xL — >■ L defined by (f>p(g, /?) = F{go(j), /3), V(g,f3)e 
L Y x L is an L-fuzzy filter on Y. 

(2) The map <fiy : L Y x L — > L is an L-fuzzy ultrafilter on Y , whenever 
U will be an L-fuzzy ultrafilter on X 

Proof. (1). We must show satisfies the axioms of an L-fuzzy filter: In 
fact, 

(FFO) ^(l y ,/3) = 7-(l Y o0,/3)= F(1 X ,P) = T, V/3€L. 

(FF1) (/, a) 4 (9, P) <ft(f, a) = F( f o 0, a) < T(g o 0, 0) = ^( 5 , /3), 

since (fofaa) 4 (gofafi). 
(FF2) <ft(f,a)®<l>?(g,P) = r(fo<l>,a)®r(go<l>,P) ^ .F((/®<7)o0, aV/3) = 

<^(/®<7,aV/3), 

since (f o (j>) ® (g o (j>) = [(/ <g) #) o 0]. 
(FF3) ^(0 y , a) = TXOy o 0, a) = -F(0 X , a) = ±, VaG L. 
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(2). Let U : L x x L ->■ L be an L-fuzzy ultrafilter on X, let (g, (3) £ L Y x L 
and let a € L, then 

= U[{go<p,{3) (0 x ,a)]^>± 

= U[(g o cf>) ^ x ,a > P] ^ ± 

= U[{g o 0) .— ► (Oy o </>), a > /3] ,— > _L 

= W[( 5 ^Oy)o0,a>/3] 

= [9 •— > Oy,a > /3] 1— > 1 

= <fti[(9,P) >— ► (Oy,a)] 1— >± 



We conclude from 12.91 that : L^ x L — >• L is an L-fuzzy ultrafilter on 

y. □ 



Proposition 2.11. Lei : X — > Y be a surjective map and let 
T : L Y x L — > L be an L-fuzzy filter on Y. Then the map (j)^ : L x x L — >■ L 
denned by </>p(f, a) = \J {T{g, P)\{go <j>, p) 4 (/, a)} , V(/, a) e L x x L, 
is an L-fuzzy filter on X. 

Proof. We must show 4>p satisfies the axioms of an L-fuzzy filter: 
(FFO) 

</>P(lx,a) = V {T(g, P)\(go ^ p) 4 (lx, a)} 



V A {F(9,P) I WOx, a^P} 



T, Va G L. 
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(FF1) (/,<*) ^ (g,p) implies 

= \/{F(.K5) \(ho<p,5)4 (/,<*)} 

= \/{T(h,S)\(ho < f,,S)^(g,P)} 

(FF2) 

0£ (/, a) <g><^ (</,/?) = 

= \/ { <5) | (/to 0, 5) ^ (/, a)} ® \/ {/"(J, rj) | (j o r/H ( 5 , P)} 
**\/ {T(h,8)®F(j,ri) | ((^jlo^^V!)) ^ (/® S ,aV/5)} 

{T(h®j,SVr]) I ((h®j)ocj),5Vri) 4 {f®g,aVP)} 
= <fc(f®g,aVp). 

(FF3) 

^(0 X , a) = \/ {T(h, S)\(ho 0, 5) 4 (Ox, a)} 

= V A^' 5 ) I W^Ox, a <$} 
= T(Qy, a), since is surjective 
= _L. 



□ 



Definition 2.12 (L-fuzzy neighborhood system). Let X be a set. A 
map J\f : X — > l( lXxL ) is called an L-fuzzy neighborhood system on X if 
and only if, for each p € X, the mapping N p : L x x L — > L satisfies the 
following axioms: 
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(N ) M p (l x ,a) = T. 

(iVx) (/,«) ^ (<?,/?) =>W,a) < AA p (<7,/3). 
(iV 2 ) Ar p (f,a)®Af p (g,p)< i Ar p (f®g,aVp). 
(N 3 ) M p (f,a)^f(p). 

(iV 4 ) ^ p (/,a) < VW P (9,P) I (/,«) ^ (S,/?) <md g(q) ^ Af q (f,a), Vg € X}. 

Definition 2.13 (L-fuzzy interior operator). Lei 1 fc a sef. ^4 map 
Z : L^ xL-> L^ is called an L-fuzzy interior operator on X if and only if 
1 satisfies the following conditions: 

(Jo) l(lx,a) = lx, VaGL. 

(/a) (/, a) ^ (g,P)^l(f,a)^l(g,/3). 

(h) X(f, a) l(g, 0) a(/®3,aV/5). 

(I 3 ) !(/,«)</. 

(J 4 ) I(/,a)<X(X(/,a)). 

(1 5 ) l(f,±) = f. 

(1 6 ) Iftt^KCL, X(f, a) =f° Va e if, tfien /(/, \J K) = f°. 

Lemma 2.14. (c/. Given an L-fuzzy topology T : L x L on a set X, 

the mapping Xj- : L x x L — » L x defined by 

Z(/, a) := Z r (/, a) = \/{« € L x | (n, 7») ^ (/, a)}, V(/, a) E L x x L 
is an L-fuzzy interior operator on X . 

Lemma 2.15. (cf. [9]^ Every L-fuzzy interior operator X : L x x L — > L x 
induces, for each p E X , an L-fuzzy neighborhood system A/? : L x x L — ► L 
defined by 

Af p (f,a) :=N p z {f,a) = [X{f,a)]{p). 

Proposition 2.16. Lei (X, T) and (Y,a) be a pair of L-fuzzy topologi- 
cal spaces, let (ft : X — > F be an L-fuzzy continuous surjective map, let 
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Np : L x x L — > L &e £/te L -fuzzy neighborhood system of a point p £ X 
induced by T, and let M^u,) ■ L Y x L — > L 6e i/ie corresponding L -fuzzy 
neighborhood system of 4>{p) ^ n Y induced by a. Then 

where (j}~*(Af p ) : L Y x L — > L is defined by 

<P^(M p )(g,(3)=M p (go4>,(3), V(g, /?) G L y x L. 

Proof. Prom lemma [2.141 we have that 

%*{9, /?) = \A n e ^ I ^ ^ k> ^>> /3) e L y x L 
is an L-fuzzy interior operator on X. The L-fuzzy continuity of <f> implies 
that 

a(u) < T(uo<j)), \/ueL Y . 

We therefore have that 

{ueL Y \ u^g, < cr(-u)} C e L y | « (3 ^T(vo </>)}, 
which implies 

\/{u G L Y | u < g, p < (r(«)} < \/{u G L y | « < g, /3 < T(v o 0)}. 
In other words, 

2*0, /3) < \/{« G L Y | u < g, p^ T(v o 0)}. 
If u = \J{v eL Y \ v s^g, p < T(u o </>)}, then 

A^ (p) (5,/3) = [^(5,/?)] (0(p)) < u> ((!>{?)) = (ojocj>) (p), 

and so 

(2.16.1) M m (g,P)^(uocj>)(p). 
On the other hand, it follows from uj o ^ g o 0, and 
A/p(<? o </>, /3) = [X r ( 5 o 0, /?)] (p) = \J{u e L x \ u ^ g o (f>, p < T(u)}(p), 
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and u o (p G {u G L x | u ^ g o <^>, /3 ^ T(it)}, that 

(w o 0)(p) ^ \J{u e L x \u^go<fi, (3^ T(u)}(p) 

= [X T {g o </>, 0)] (p) = N p {g o^p) = ^ p) (g, p) , 

and so 
(2.16.2) 

Finally, from 12.16.11 and I2.16.2|, we conclude that 

□ 

Definition 2.17 (Adherent point). Lei (X, r) 6e on L-fuzzy topological 
space andN : X — > L^ lX xL ^ the corresponding L-fuzzy neighborhood system. 
Further, let T : L x x L — > L be an L-fuzzy filter on X. A point p G X is 
called an adherent point of J- iff there exists a further L-fuzzy filter Q on X 
provided with the following properties 

(i) 5(l®T).l Xl a)a«T, Va G L. 

(ii) M p s$ Q and T < Q. 

Definition 2.18. An L-fuzzy topological space (X,t) is compact iff each 
L-fuzzy filter on X has at least one adherent point. 

Proposition 2.19. Let (X,t) be a compact L-fuzzy topological space, let 
(Y, a) be an L-fuzzy topological space and let <f> : X — > Y be a surjective, 
L-fuzzy continuous map. Then (Y, a) is compact. 

Proof. Let T : L Y x L — > L be an L-fuzzy filter on Y, then by 12.111 <fip is 

an L-fuzzy filter on X. Since (X, r) is compact, <f>*j has an adherent point 

j)6l, i.e. there exists an L-fuzzy filter Q otl X with M v ?S Q and </>jT ^ £/. 
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Now we form, using 12, 10^ the corresponding L-fuzzy filter image and we 
obtain from the surjectivity of </> the following relations 

T = f (<j>+~(T)) < <fr>(g) and <j^{M p ) < <f^(g). 

On the other hand, from 12.161 follows 

A/^ < 4>~*(N P ), 

which implies that 

F^4r*{Q) and A/^j < ^(0), 
hence <j)(p) is an adherent point of J- . 

This completes the proof of the proposition. □ 

In order to get a proof of our version of Tychonoff 's theorem, we need the 
following lemmas: 

Lemma 2.20. Let $ = {(X\, T\) | A G 1} be a non-empty family of L-fuzzy 
topological spaces and let (X, T) be its L-fuzzy topological product. Then for 
each p G X, the mapping M p : L x x L — > L defined by 

M p (f,a) = \j\®M Px (h x ,a) \heT f , a ^ (g)r A (/t A ) I , 



.AG/ AG/ 



where 



Yj — {/l G L^ x | fl\ = lx\f or a " but finitely many indices A, and ^Q(/-l\°TT\) ^ /}, 
AG/ AG/ 

is an L-fuzzy neighborhood system on X. 

Proof. We must show that Af p satisfies the axioms of an L-fuzzy neighbor- 
hood system: 

(N ). Let 1 A G Uxei LXx defined by (1 a )a = bf a , for each A € J. Then 
1a G Since 

(1) t a (1 x J = T for all A G I, and so ® Ae/ r A (l x J = (g) Ae/ T = T, 
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(2) M Px (l Xxl a) = T for all A G /, and (g) Ae/ M Px (l Xx , a) = (g) Ae/ T = 
T, then 

M p (l x ,a) = \J | ®Af Px (h x ,a) \h€T lx , a<0^ A ) = T. 

Iac/ Ae/ J 

We therefore have that J\f p (lx,a) = T. 

(iVi). It is our purpose to show that Af p (f,a) ^ Af p (g,/3), whenever / ^ g 
m L x , and /3 q in L. 

Clearly / ^ g implies that Ff CT g . Consequently, 

V \ ®Kx( h ^ a ) I h€F f , a ^ (g)r A (/i A ) I 
I Ae/ Ae/ ) 

\®Kx(hx,f3)\hGT g , P^(g)T X (h x )\. 
Lag/ Ae/ J 

This verifies that Af p (f, a) ^ A/^>(#, P). 

(iV 2 ). We must show that M p {f,a) ®Af p (g,/3) < Af p (/ ®j,aV /3). 

Since Af p (f,a) = \/ {<g) XeI N Px (h x ,a) \ h e T f , a < ®Ae/ t a(^a)} and 

K(9>P) = \/{®\eiK\U*>P) \j£ T gi P < 0Ae/ r A(iA)}, and since <g> 
is distributive over non-empty joins, we have that 

N p {f,a)®N p {g,f5) 

= V I ® -^pa^a, a) ® (g) Af Px (jx,P) I /» G r /; j G r ff , a V < (g) r A (/i A ® j A ) 
Las/ Ae/ Ae/ 

= V I ® ^ (^a, a) ® A/" PA (j A , /?)] I h G T f ,j G T g , a V ^ (g) r x {h x j x ) 1 
lAe/ Ae/ J 

^ Vs®-^^® jA,«V/3) \ h®j€T m , aV/3 < ® r A (/i A <8>j A ) I 
Ias/ Ae/ J 

= Af p (f®g,aVP). 

(N 3 ). We must verify that N p (f,a) ^ /(p), for each (/, a) £ L x x L. 

Since 7V^, A is an L-fuzzy neighborhood system on X A , we have that 

M Px (h x ,a) ^ h x (p x ), for all Xei, and for all (/i A ,a) G L Xa x L. Now, 
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let h G Tf, then h G \\ XeI L Xx , h\ = lx x for all but finitely many indices 
AG/, and A6/ (/ia ° "a) < /■ Hence 

®(/*A o 7T A )(p) = 0(/l A )(PA) < /(P)- 

Ae/ Ae/ 
We therefore have that 



)^ A (/iA,a)<Q9(/i A )(PA)</(p), 
Ae/ Ae/ 

which implies 

^ P (/> «) = V|®^pa l^ r /. «<®^a)| </(p)- 
Lag/ Ae/ J 

(7V 4 ). To show that 

^\J{M P (g,(3) | (/,a) ^ (<?,/?), g(q)^Af q (f,a), VgSl}, 
we must verify the following: 

Af px (u>\,a) < \/ {N Px (v\, P) I (wa,«) ^ (^A,/3), v \(q\) ^ AT qx {uJ\,a), V<? A G X A } 
implies 

Af P (f,a)**\/{Af P (g,P) I (/,«) ^ (</,/?), g(q)<W,a), V 9 eX}. 
We observe from the hypothesis that, for oj G Tj and i; G 
)A/" PA (u; A ,a) 



Ae/ 



< V \®Kx( v *,P) I ^ (vx,P), v x (qx) ^ M qx (uj x ,a), V^ A G X x 



. Ae/ 



^ V|®- A/ P*( v *° 7r *'' 9 ) I ^ A ' a ) ("^A) P)i v x {q\) ^M qx (uj x ,a), Vg A G X X J . 



We therefore have that 

M p (f,a) ^\/{Af p (g,P) | (/,a) ^ (<?,/?), g(q) ^ Af q (f,a), Vg G X} . 

□ 
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*Lemma 2.21. Let $ = {(X X ,T X ) | A € L} be a non-empty family of 
compact L-fuzzy topological spaces and let (X, T) be its L-fuzzy topological 
product. Let U : L x x L — > L be an L-fuzzy ultrafilter on X, then the 
following statements are equivalent: 

(1) U converges to an element p = (px)\ei * n X. 

(2) For each X & L, n~^(U) converges to p\, where tt\;X — > X\ is the 
Xth projection. 

Proof. (1) (2) is trivial. 

(2) => (1). Suppose that n^(U) converges to p\, for each A £ 1. Then 
J\f Px ^ir^(U). Therefore 

(g)M Px (h x ,a) ^ ®n?(U)(h x ,a) 

AG/ AG/ 



= ®U(h x oir x ,a) 

AG/ 




<W(/,q). 

It follows that 

K(M = \/\®Kx(hx><*) \h€T f , a^®Tx(h x )\ <«(/,<*). 

I AG/ AG/ J 

This establishes that U converges to an element p = (pa)ag/ m X. □ 
As a consequence of the previous lemmas, we get the main result: 

*Theorem 2.22. Let $ = {(X X ,T X ) \ X £ L} be a non-empty family of 
L-fuzzy topological spaces. Then the following assertions are equivalent: 

(1) (X X ,T X ) is compact, for all A G 7. 
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(2) The L-fuzzy topological product (X , 7o) 0/1? in the category L-FTop 



is compact. 
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